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Equazione di1 Helmholtz

5 pey . 0 0J, La classe di soluzioni fornita dal-
PE+E=UXT,, +joud; = jwe ’eq. di Helmholtz é pini ampia di
K=ot e ‘ quella fornita dal sistema di eq.

‘ di Maxwell

(operazione di derivazione)

LLY,

OF = — i quindi tra tutte le soluzioni dell’equazione di Helmholtz
JWE. scegliamo quelle che soddisfano anche la
’E+k’E=0 OMOGENEA

k> =w’u e,
OLE =0
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Soluzione equazione di H.

’E+k°E =0 k> =aw’ue,
Metodo di soluzione per separazione

E(x.y.2) = Eg X (x)Y (»)Z(2) delle variabili

vettore complesso  funzioni scalari complesse

— j\k x+k y+k.z
E(x,y,z):Eoe ](X %A)
determina la polarizzazione/ determina la propagazione cioe
del campo elettrico la dipendenza dalle coordinate

kx2 + ky2 + kzz = k2 Condizione di separabilita
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— k=vettore di propagazione
kox+tk,ytk,z=kLl¥

E(x,y,z) = E(r) = Eje /X" K=P=se

,8=vettore di fase attenuazione

E(X,y, Z) = E(r) = Eoe—ame—j Bw | sol dell’eq. vettoriale di H.
omogenea
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Determinazione di k (come modulo)

E(x h% Z) = E(l‘) —E.e /K= —)p Rappresenta un’onda piana
5. - — L

k* =o' ue, = o e - jouo

[, _ E.M +Re(£c,u) . ‘/é‘c,u —Re(ec,u)
k=vk _a)v#gc _‘“J 5 J >
.1 + Rele )
k :a)v 5
k=ky - jk, ‘
gc’u _RC(ECILI)
k, =a)v -




Caratteristiche di propagazione delle onde piane

E(x,y,z) = E(r) = Eoe_jkm \
E(x,y,z) = E(r) =E e *Me /P e

Consideriamo un mezzo L-S-O-I-nonD-> & [ reali positivi

ko +k) +k =k =k [k

k=p-ja

k* =k [k =’ e, = '’ ue - jowuo
(B jo)dp - ja)= 5 -a” ~2/pla =k’ = wps - joouo

,32 g’ = wz,ug parte reale — L>a

wUO
PLa = “Lre parte immaginaria

2
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Cas1 particolari

1) Mezzo privo di conducibilita (senza perdite) 0 =0

plo =

0

k* = ue

T

a) verificata per @ =0 Onda piana e uniforme
=B = B = kby = by
u= velocita della luce nel mezzo

e

a| [ Ondapiana non uniforme
attenuata in direzione
perpendicolare alla direzione di

b) verificata per

Onda evanescente =1 propagazione

1

) 1 1

w* LUE
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Onda piana non uniforme

o 1 1
u, —
J/Jg 0,2 cos@
1+
l W’ LUE
1
u p—

per 8<8,=>u, <

e
|

e

per >0, > u, >

se @, = arccos

1+

W’ LUE

onda lenta

onda veloce
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Esempio onda piana ¢ uniforme

Calcolo parametri di base:

Un’onda piana uniforme con una frequenza di 3 GHz si propaga in un mezzo senza
superfici di discontinuita con £=7 e [{.=3. Calcolare la velocita di fase e la lunghezza
d’onda:

3108
= =6.5510" m/s

S R T 0

21 =4.58 <della velocita della luce

2m 2m 2 55 10’ _
/]:lj A= = :m:M:655 0 zzlozm

f B wfus 20 f 310°
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Onda p1ana ¢ uniforme
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Onda evanescente
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2) Mezzo dissipativo (con perdite) ogz0

o
k* = e, = ' e — jouo = o' e l—j(—]
e

B e a entrambi non nulli

Caso particolare a // B Onda piana uniforme e attenuata

=8B, a=aa, =P k=(8-ja)B,=kB,

Onda che si propaga nella direzione di [ con velocita di fase u=w/[3 lunghezza
d’onda A=21t/Ped un fattore esponenziale di attenuazione.
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3)

Mezzo dissipativo e dispersivo (con perdite) o %0 &complessa
£ %0
k* = w? UE. = = W’ e - jwuo = w* ,ueo £ - jE ) JWUO =

Perdlte legate alla
corrente di spostamento
= o’ Ug,E
50 > Perdite legate alla

corrente di conduzione

)

Ky = fe(gc”
k=ky— jk ( )
_R ' . ' Y
kJ:a)J - 2680# gc:‘go(g —JE )‘j%:‘gog _j(“:og +%j

Caso particolare a // B Onda piana uniforme e attenuata
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Caratteristiche di polarizzazione delle onde

plane
L’operatore [ opera sulla funzione E(x, v, Z) = E(r) = Eoe_j K come @
—jkB — _—J (kxx+kyy+kzz)

/8 — €

D[ ] :(XO%"'YO%"'ZO%J[ ] :_j(Xka Yok, "'Zokzl ] :_jk[]

0°E +k°E =0 E+k2E:(D[H]+k2)E:0

(—jk) [Q—jk)+ k2 =—Kkk+k2=0 condizione di separabilita

O =-/k[E
OXE =-jk XE
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La funzione d’onda e stata ottenuta come solu-
zione dell’eq. vettoriale di Helmholtz

E(x,y,z) = E(r) = Eoe_jkm

IE=0=>kE=0 —=> k[E,=0

(B - j(‘) HEEOR + jEOJ) =0

Trovato il campo elettrico, quello magnetico
PLE.z talE,, =0 Si puo ricavare dalla:

UXE =-jwuH
BlEy, —alE. =0
—jkxE =-jwuH

funzione d’onda dello stesso H = kxE _ kXE, o /KE — /K
tipo di quella di E Wi Wl 0

_ kxE,
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Cas1 particolari

1) Mezzo non dispersivo e non dissipativo &, i reali e positive; 0 =0

a=0 Onda piana e uniforme (non attenuata)
k=p
PlE; +alky, =0 q pLlEy; =0
PLE), —alEy =0 pLE,, =0

xE X\E,, + /E
HOZHOR+jHOJ:ﬁ o:ﬁ (OR J OJ)

WU WU
X E !

HOR — B OR | EOR — BXHOR
Y, : WE
xXE | xH

H,, = p 0J | E, = p 0J

Wi WE
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Onda piana e uniforme (non attenuata)

la costante di propagazione coincidente con [ e ortogonale a Eyy e a E); H, H,;
sia il vettore campo elettrico E che quello campo magnetico H non hanno
componenti nella direzione di propagazione

v

Onda TEM
(TrasversoElettroMagnetica)

1) 2)
BE,z =0 BLE,, =0

:BXEOR HOJ:w
wi Wl

v

Sovrapposizione di due onde polarizzate linearmente: onda risultante polarizzata
ellitticamente

HOR
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Eoz = Egre

1)
BLE;z =0
xE
L
wi
A Egx
A %o
>Bo
h,
Hr

Hor = Hzh
B=pB,
> LBy [Egzeq =0=Pp, &) =0
XE,.,e
N T N1
wu
h, =B, xe,
_ ﬁEOR _ CUVILIEEOR _ E
Hop = = = |—Eor
wu wi H
Eor _ = H  Impedenza caratteristica
H,p e del mezzo

¢, = /% =120 Q=377 Q@  vuoto
0
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Vettore di Poynting per [’onda piana uniforme:

1 e 1 _; £ 1 . 1 .
:EEXH :EEORe P xH,, /" :EEORerHOR h, :ECHORHOR Po

eoxho:eox(ﬁoxeo)zﬁo v

Vettore costante reale diretto come il vettore
di propagazione

Stesso procedimento vale per la soluzione 2)
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1) Mezzo non dispersivo e non dissipativo

E, U reali e positive; g =0
al B Onda piana non uniforme

Consideriamo il campo elettrico polarizzato linearmente

E,=E,: tJE,, ad esempio E,,=0
B=FLz,
a=ay, pé, =0

k(E) =0 =P (B_j“)EOReo:O — ale, =0

L :E(y Z):EORxoe_aye_j:BZ Ey =Eoz = Egrey = LzX,

k> B e/l :EﬂEOR Zy XXy~ ] Lo
wy

(Byo+jazele e

H=H(yz)=

EOR
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Il campo elettrico e polarizzato linearmente, quello magnetico
e polarizzato ellitticamente

OR g —> > >
a H, //
il vettore di propagazione k=-ja é ortogonale al campo elettrico

y \ 4

Onda TE
(TrasversoElettrica)
Vettore di Poynting per [’onda piana non uniforme attenuata:
M=—ExH’ :iEOe‘fkm ><H0*efk*E - Lp, X *E o Ja -
2 2 2 wu
1 —20@ IZO2 —2ay, * E02 —2aIE
-—|g, ®, Jx" - (E, X’ =0 eyt = (B + ja)
20U 20U 2w,u

b b

reale, diretta come B immaginaria,
direltg. £ame.a.



2
I—I_EOR

- D e_zay(ﬁzo + ja YO)

Se si parte dal considerare il campo magnetico polarizzato linearmente si arriva

in modo duale ad un’onda v

Onda TM
(TrasversoMagnetica)
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2) Mezzo non dispersivo e dissipativo &, U reali e positive; g # 0

B e o entrambi non nulli e non perpendicolari

Caso particolare a // B Onda piana uniforme e attenuata

k= (8- ja)By = kB, = wy e, By
k(E, =0 ‘ By (Ey =0

k
H, =—B, XE,
v o

Onda TEM
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E, = E,e, campo elettrico polarizzato linearmente

kE : L : :
H, = 0 B, xe, = H,h, anche il campo magnetico e polarizzato linearmente

Wi
_ kE w\/ﬂé‘c £
h, =B, xe, Hy=—2-= E, = |—E,
wl wl
E, |u _ o
—— = |— =¢ <—— quantita complessa
0 gc

Vettore di Poynting per [’onda piana uniforme attenuata:

| _ _ x : _ 1 £ _
=—Ee,e JBBlE ,=a Byl xH, hoejﬂﬁome a Pyl =—CH,H, e 2a By B,

2 2 ¢
complessa, diretta come [5, che si attenua con cost
2a nella stessa direzione
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Costant1 secondarie del mezzo

Costanti primarie del mezzo: E U, T
Costanti secondarie del mezzo: k, {
kg :a)v tH +§e(gcﬂ)
k =y HE. =kp— jk,
k.= ‘ |en ~Rele, )

k, =a 74 2

c. = WU k
) R~
C= H = ’u:CR+jCJ ‘ kR2+kJ2
E k
¢ WU k,
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Costant1 secondarie del mezzo

Trattazione analitica k=kp—jk,
k*=kp” —k,> =2jkpk, = & ue - jowuoc

k' —k,” =@ ue

k0 WUT

2

2 - -
[ |1 o 1 o
kp =y UE |—| 1+ |1+ — / il I —
: ﬂvz J (w&j K wﬂgvz 1+\/l+(ng
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Costant1 secondarie del mezzo

C=G¢rtJjg,

_ 2 . M JwU  _ JWIAO — jWE
C"=Cr —C; +2jCr¢, = - . él( > 2 )
E o+ jwe o tw €

C

2
» o WuE
Cp —C¢; =
5 T o2+ e
1 WUT
‘% " 2 0% +wte?
k k
Cp = - ¢, = 2

\/02 +w’e? \/02 +w’e?
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Esempi

Onda piana in un buon dielettrico 0 << ¥

k H
| R =~
kp Uy te kRkJZECU,UU ‘r Dwg - £
k
k:w'uagalu CJDJDJ H
T 2k, 2\ e we 2wg\/g
o
Onda piana in un buon conduttore g >>0E
B=k, O WHo ko k =ia),ua k . Wi
R 7 R™J 7 Cr pu VZJ
—
wlUO WO k
a:kJ: /'I |:| L CJ D—JD %

2k 2 ag 20
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1 — 2 Profondita di
a WO penetrazione
~ | WH : . 1 1
=1+ j)J— =1+ j)go=(1+ )R J=—=
( J)‘/ > (1+)) (1+ )R, L

Ey=Eie, =9 E,=EjX, B, = 5oz,

kE,
Wi

BOXeOZHOhO —> H0:H0y0

E(r)=E(z)= E (), = Eje x, = Ege P7e™%x,

Hir)=H(z)=H (2)y, = Hye Fy, = Hye P2e %y,
n()=n()=2¢H H, e,
2
Es: rame
Perf=IMHz ) s = —— == | =0.065 107 m
o=58 100 Q" m k, a Yowuo
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Esempio onda piana in un buon conduttore

Al
; R et ey —— 1 S Cu

R s Hli

=

1

|
R, (mQ)

o

o

P

g IR
=

o

o (pm)
/

Cu
0.1 —

1 10 10 10 10 10
frequenza (MHz)



Esempio onda piana in un buon conduttore

Calcolare la profondita di penetrazione di alluminio, rame, oro e argento alla frequenza
di 10 GHz:

1 2 1 ‘/ 1 I ‘/ 1 L1
O=—= |[—— = = / \ ) =510 . |—
a \wuo u,o \ o 77(1010X4ﬂ10_7) o o

alluminio: :510'3‘/ =8.11077 m
3.810’
rame: :,»510'3‘/ 1 =6.6 107 m
5.810’
oro: = 5107 [—— =7.86 107 m
\ 41107
BB
argento: - 5107 =64 107 m
Vs.1107
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Propagazione di un’onda piana in un buon
conduttore

k=(8-ja)z, =kz,
kle,=2z,L¢,=0

I]xiA 1] |

| : ¢=(+ )R,
! Y —+
0 Ez O 8 Z
a b 5
-2 -z
E=Ej e ¢ °
z z z z z z z z
— = kE — /= E —— “J= E - “J=
H=Hge %¢ ¢ =—2z,xege %e 9 =—Lz,%xese %¢ 9 = 5—1z,Xese %e 9
W ¢ (1+J)Rs
in z=0 Zy %€y %XZy =€ : 5,773
E={l+j)RH,Xz,e °e¢
s T 0




la densita di corrente:
Effetto pelle

(1 + ) -— -j= e diretta parallelamente alla superficie

— — o o

J =0k = > H7 xzge “e ed ha valori sensibili solo in uno strato
superficiale di spessore O

0,/0
“©

U mlJ L :LJdez =
0

z z

=LmH, xz, Mie_ge_jg dz =
o 3

=mH, xz,L

J,=H, Xz,

Figura 6.2

Nei metalli ad alta conducibilita lo spessore della ‘pelle’ e talmente piccolo da
poter assimilare il campo di corrente ad una lamina concentrata sulla superficie
del conduttore

apollonio@die.uniromal.it



Generalizzazione:

I:I

’s

Ipotesi:

* lo spessore della ‘pelle” molto minore di tutte le dimensioni caratteristiche del corpo
* lo spessore della ‘pelle’ molto minore delle minime distanze per cui si hanno apprez-
zabili variazioni di H; sulla superficie

» As molto maggiore di O ma piccolo a sufficienza da poter considerare |’elemento

piano impedenza superficiale
= )R = nxE=0
- H x parete elettrica
JS — n superficie o parete d’impedenza

Condizione di Leontovic

R 2 R 2 oy .
W= —~ j |HT| ds = 7'“J s| dS potenza dissipata in un corpo conduttore
2
S S
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|
!PI:E':I E Re

I I .y 3 [ix+ i | il
EI_E_I wH" |_.|-'_r_|| = —:l Ih%[irll_"E:' wE :{'EIT e [E ] .-"I:J o= 1 .-"]

N 1 2 o : .
IEF'A". oV B e it = g Pl0je e = 2P (z)

Thus, the power per unit area flowing past the point 2 in the forward 2Z-direction will be:

Pizi=Pi0je ™ 1206 106)

The quantity P (0} is the power per unit area lowing past the point Z = (. Denoting
the real and imaginary parts of - by n°, 7%, so that, n- = 7" + Jn", and noting that
|Eo| = In-Hy % 2| = [n-| | Hal, we may express (00 in the equivalent formes:

Pioj= —Rein ') Bl = .I;F?’ |, |* (26.17)

g | =

The attenuation coefficient ® is measured in nepers per meter. However, a more
practical way of expressing the power attenuation is in dB per meter. Taking logs of
Fop. (26.16), we have for the dB attenuation at 2, relative to = (&

iz

A.mil]: - |[]|Dﬂ|.. W

] = 20log (@INZ = B.GEE N Z 1206 18)

where we used the numerical value 20log, ¢ = 8.6306. Thus, the quantity fgr = 8,686
is the attenuation in dB per meter:

Mg = B.6G86 (dB/m) (2.6.19)

Another way of expressing the power attenuation is by means of the so-called pen-
etration or skin depth defined as the inverse of o

8 =— izkin depth) (26200

Then, Eq. (2.6.18) can be rewritten in the form:

(attenuation in dB) 12.621)

&
Agp ' Z1 = B.GEG 5

]
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This gives rise to the so-alled *9-dB per delta® rule, that is, every time 7 is increased
by a distance &, the attenuation increases by 8.686 = 9 dE.

Auseful way to represent Eo. (2.6.16) in practice is to consider its infinitesimal ver-
sion obtained by differentiating it with respect to Z and solving for o ;

i r i f k] % s o I (b} T:II-IIEII
Prri= 2P0 =" =2q0Pixl = o= —m
The guantity 7, . = =" represents the power lost from the wave per unit length
loes

lin the propagation direction.) Thus, the attenuation coefficient is the ratio of the power
loss per unit length to twice the power transomi ted:

N = — tattermation coeflicient) 126522
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If there are several physical mechanisms for the power loss, then ® becomes the
stm over all possible cases, For example, in a waveguide or a coaxial cable filled with a
slightly lassy dielactric, power will be lost bacause of the small conduction/polarization
currents set up within the dielectric and also because of the ohmic losses in the walls
of the guiding conductors, so that the total & will be & = Qdel + Nvalls.

Mext, we verify that the exponential loss of power from the propagating wave is due
toy ahmic heat losses, In Fig. 2.6.1, we consider a volume dV = IdA of area dA and
length [ along the z-direction.

S n

B JL T

Bor™T
I .

iy

T

i) 8
=

A\t
|

]

zmf

X

Fig. 2.6.1 Power How in lossy dielectric.

From the definition of {2} as power How per unit area, it follows that the power
entering the area d4 at z = Owill be dPyy = P01dA, and the power leaving that area
at # =1, dPay = P(dA. The difference d Plase = dPiy — dPoyn = | P00 =P (1 |d A will
be the power lost from the wave within the volume I d A, Because P11 = Pio) e 9 we
have for the power loss per unit area:

dplu:.l.._-.

Z1 = Pl-Pli=Poi(1-e 2aly % Re (o 'y [Eal®(1 —e ™y (2.6.23)
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n the other hand, according to Fg. (2.6.3), the ohmic power loss per unit valume
will be eoe™ |E(z1]*/ 2. Integrating this quantity from 2 = O to 2 = | will give the total
ohmic losses within the valume I d A of Fig. 2.6.1. Thus, we have:

I Fr b r « 12 I P o ] ]
dPohmic = U0E |Eiz)|"dzdA = —we |Es|"e "™ dz | dA, ar,
= A0 F s o

AP ohmic B e a i o
dA = an [El-e ) (2.6.24)

Are the two expressions in Fgs. (2.6.23) and (2.6.24) equal? The answer is yes, as
oalleaws from the relationship among the quantities 9., €, ® (see Problem 2,12k

I:- 1Ii:ff
Re(n ') = :3_1: (2.6.25)
L

Thus, the power loast from the wave is entirely accounted for by the ohmic losses
within the propagation medium. The equality of (2.6.23) and (2.6.24) is an example of
the more general relationship proved in Problem 1.5,

In the limit | — =, we have P {1} = 0, so that dPapmic /'dA = P00}, which states tha
all the power that enters at Z = 0 will be dissipated into heat inside the semi-infinite
medium. Using Eq. (2.6.17), we summarize this case:

dpu:.hmlu' _ | . | 2 _ | i 3 . - - \
Q1 -3 Re(n ") [ El° = Er,l | H; | (ohmic losses) [2.6.206)

This result will be used later on o calculate ohmic losses of waves incident on lossy
dielectric or conductor surfaces, as well as conductor lasses in wavegnide and transmis-
sion line problems.
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Example 2.6.1: The absorprion coefficient & of warer reaches a minimum over the visible
spectmim—a Fact und oubnedly res ponsible for why the visible specomam is visible.,

Eecent measuremems [116] of the absorprion coefficient show char v stares ar aboor 0.01]
nepers,m at 280 nm (violed), decreases 1o a minimum value of 00044 nepers/m ar 4 18
nm (bluel, and then increases sieadily reaching the value of 0.5 nepers,/mac 600 nm (red).
Dewrmine the penetraton depeh & in merers, for each of the three wavelengihs.

Dewrmine the depth in meters ar which the light intensivy has decreased w 1/10ch s
vilue ar the surface af the warer. Repear, if the inwens=ivy 19 decreased o 17 100c0h s value.

Solution: The penerration depths § = 1/ o are:

Go= 100 2273, 2m for oo = 0001, 0004 0.5 nepers,/m

U=ing Fg. (2.6.21), we may solve for the depth 2 = (A/88969635, Since a decrease of
the light inensiyy (poswer] by a factor of 10 18 equivalent o A4 L0 dB, we find 2

CLOE. 96861 = 1128 & which gives: 2z = 1128, 2563, 2.3 m. A decrease by a Facwr of
100 = 105 corresponds 1o A = 20 dBE, effectively doubling the above depths. 1
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Example 2.6.2: A microwave oven operating ar 2.45 GHz is used to defrost a frozen food having

complex permitiviey €. = ¢4 — jiep farad/m. Determine the strengeh of the elecoric hield

at a deprh af 1 em and express it in dB and as a percentage of s value ar the surface.
Repeatif - = (45 — 15j1en Farad/m.

Solution: The Pree-space wavenumber is ko = oo Tioen = 2 oo = 2mi2 45 10707 (2= 107
A1.31 rad/m. Using k- = oo e

*
EoqJeslen, we caloulawe the wavenumbers:

ko= B —joo=5131,F -7 =51.31(2.02 - 02551 = 10341 — 1273 m~!
k- =B joo=51.31 95 T5] = 51.31i6.80 — 1.10f)= 348.84 - 56617 m!

The corresponding avenuaon constams and penemacion depihs are:

o = 12,73 nepers,/m, A = .86 om
o = 5661 nepers/m, a = .77 om

It foallows thar che anenuarion= ar 1 cmowill be in dBE and in absoluwe unirs;

A=8BS6z/d = 1.1 dR, | 0-A/D

(.88
A =8BS6z/d = 4.0 dR, | £ A0

057

Thus, the fields ar a depth of 1 emoare 88% and 57% of their values ar the surface, The
complex permitivites of some Poocds may be found in [117].
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A convenient way to characterize the degree of ohmic losses is by means of the loss
tangent, originally defined in Eg. (1.9.28). Here, we set:

£ T+ e
T=1tlan ? = = d

, (2.6.27)
£ e

Then, €. =€ — Je© = €' (1 = JTi= €401 — jT). Therefore, &, 1. may be written as:

i
ko= wypey (1 —JTiv, e = [H e (2.6.28)
] | Ehl
- ) 1 i (- I
'he quantities ¢y = 1/yJiey and Ry = /ey would be the speed ol light and

characteristic impedance of an equivalent lossless dielectric with permittivity €.

In terms of the loss tangent, we may characterize weakh: lossy media versus sirangly
lossy aones by theconditions T < 1 versus T 23 1, respectively. These conditions depend
on the operating frequency €0

(T 4+ ey (T4 Wey
- < 1 wersus - ]
T (e

The expressions (2.6.28) may be simplified considerably in these two limits, Using
the small-x Taylor series expansion (143317 = 1 +x/2, we find in the weakly lossy case
(1—JTi" %=1~ j7/2, and similarly, (1 — T3 Y%= 1+ JT/2

Omn the ather hand, it T 2 1, we mayapproximate { 1—jT) 5= (—jTi! = g gl
where we wrote (=il = (g w2l gl Similarly, (1 — jT) Ve= gimidy- 12,

Thus, we summan ze the two limits:
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2.7 Propagation in Weakly Lossy Dielectrics

In the weakly lossy case, the propagation parameters kK, 7 become:

. — T — AT 4 (DE
. (27.1)
e [E (D) - [E (1)
N A ) RN A W
Thus, the phase and attenuation constants are:
—_— | 1
B=w e, = o = ;Hln'gﬂ,tcr + W )= M LT+ ey ] 12.7.2)
— |J -

For a slightly conducting dielectric with €y = 0and a small conductivity o, Eg.(2.7.2)
implies that the attenuation coefficient  is frequency-independent in this limit.

Example 2.7.1: Seawater has o = 4 Siemens/m and €3 = 8len (50 thar €, = Bleg, g5 = 0.
Then, ng = Earen = 9, and g = cn/ng = 033 = 10° mysec and gg = po/mg = 37770
41.89 1. The anenuadon coeMicien £2.7.2) will be:

I I
o = Shaor = 54189 % 4 = B3.78 nepers/m. = ogp = 8680 = 728 dB/m

The corresponding skin depthis & = /e = 119 cm. This resuly assumes that o = weg,
which can be written in the form e = arfeg, or £ = fo, where fo = o/ (2meg). Here, we
have f, = &8E MHe. For Prequencies £ = £, we must use che exact equations (2.6.28]. For
esgarm ple, we find:

f=1kHz, g = 1.00dB/m, & = 706 m
F=1MHz, g — 3440 dB/m, & = 25.18 cm
f=10Hz,  om - 672,60 db/m, &= 1.20 cm

Such exremely large anenuations explain why communicadon wich submarines is impos-
sible ar high RF frequencies. 8
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2.8 Propagation in Good Conductors

A conductor is characterized by a large value of its conductivity o, while its dielectric
constant may be assumed to be realvalued €45 = € (typically equal to £,.) Thus, its
omplex permittivity and loss tangent will be:
:5.-::5—_.1'£=u€[|—_i"i . T=i (2.8.1)
(e e LLiE
A good conductor corresponds to the limit T 2 1, or, @ = e, Using the approxi-
mations of Egs. (2.6.29) and (2.6.230), we find For the propagation parameters K-, 7

: T T T] TTT :
kﬁ:ﬁ_jlﬂi:ft"'-mﬁ;gl-l —_J_I: 'l; i il —_J_|
_ — 12.8.2)
ot it IH (= 1+ 7= ;||+|
e=1n +1N TR 'il_"-. J
Thus, the parameters B, o, & are:
, o [r— | | 2 | I
= = .| = 4/ = — = | = 12 8.31
F=no y 2 UL | o o N wpr o T e 284,

where we replaced 0 = 21f. The complex characteristic impedance 7- can be written
in the form f- = K01 + Ji, where K; is called the surface resistance and is given by the

—_—

equivalent forms (where p = /el

R brinrs B .El.'|Ii' B i B | (9.8.4)
NS TN T T T8 o
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Example 2.8.1: For copper we have or = 5.8 = 10¥ Siemens/m. The skin depth ar frequency
I5:

| | |

=

o0es1 F 1 (Fin He)

We find ar Frecuencies of 1 kHe, 1 MHz, and 1 GHz:

f=1kHz, &= 200 mm
f = 1MHz, & —0.07 mm
f=10GHz, &= 200 gm

Thus, the skin deprh is exremely small For good conductars ar BF, 8

Because & is so small, the fields will attenvate rapidly within the conductor, de-
pending on distance like ¢ ¥ = g ®fg iz = g 28 U8 The factar @ &% effectively
confines the fields to within a distance & From the surface of the conductor,

This allows us ta define equivalent "surface” quantities, such as surface cument and
surface impedance. With reference to Fig. 2.6.1, we define the surface current density by

integrating the density Jizi= TE(Z)= o E,¢ ¥ over the top-side of the volume [ d4,
and taking the limit | — ==
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